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Abstract
Statistical distribution of the primes in an arithmetic progression is considered. The estimation
of prime numbers is given and combinatorial methods are used to calculate the twin primes on the
available interval. The distribution and estimation of the number of primes on the twin primes
rows are obtained. A new method of twin prime infinity is proposed.
Keywords: Prime numbers, twin primes, prime number theorem, prime numbers distribution,
prime numbers matrix.
1 Introduction
Zhang was submitted a paper to the Annals of Mathematics in 2013 which established a proof that
states there are infinitely many pairs of prime numbers that differ by 70 million or less [1]. Zhang’s
result set off a flurry of activity in the field.
It should be noted that a large number of original scientific papers, including [2]-[6], are devoted to
problems of prime numbers and of prime twin numbers. An analysis of these works shows that these
works, as well as other works, give a tangible impetus and significant prerequisites for the further
development of the theory of prime numbers.
Baibekov [7],[8],[9] propose a prime numbers matrix notion. In the present paper we proposed a
new estimating method of the twin prime numbers in the prime numbers matrix, as well as a proof
of twin prime infinity.
Consider the well-known asymptotic equality (known as the law of prime numbers distribution)
pi(x) ∼ x
lnx
In 1850 Chebyshev proved that the ratio is bounded above and below by two positive constants
near to 1 for all x. This result became known as Chebyshevs theorem
0, 89
x
lnx
≤ pi(x) ≤ 1, 11 x
lnx
Sylvester improved this estimation to
0, 95
x
lnx
≤ pi(x) ≤ 1, 05 x
lnx
2 Estimate the number of primes in the interval
Prime numbers theorem [10], [11]: we have for all x ≥ 2:
ln 2 · x
lnx
− 2 ≤ pi(x) ≤ 4 · ln 2 · x
lnx
+ log2 x (1)
Taking into account the prime numbers matrix notation [7],[8],[9], we consider an arithmetic pro-
gression of dimension in Baibekov’s matrix Bp3 = 6 (Table 1). Its obvious that all prime numbers in
the matrix are located on line 4 and line 6. Lines 1, 3 and 5 are always even, and numbers in line 2
is always divided by 3.
Definition 1. In the matrix, prime numbers pairs which satisfy condition (5 + 6(k − 1); 1 + 6k) for
any k = (1..∞) will be called as twin numbers.
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Table 1: Baibekov’s matrix columns Bp3 .
1
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m
n
2
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m
n
3
co
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m
n
4
co
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m
n
... 8
co
lu
m
n
9
co
lu
m
n
... 4
03
co
lu
m
n
4
04
co
lu
m
n
... a ... b ...
1interval 2 interval 3 interval 4 interval
1
2 8 14 20 ... 44 50 ... 2414 2420 ... 6a-4 ... 6b-4 ...
3 9 15 21 ... 45 51 ... 2415 2421 ... 6a-3 ... 6b-3 ...
4 10 16 22 ... 46 52 ... 2416 2422 ... 6a-2 ... 6b-2 ...
5 11 17 23 ... 47 53 ... 2417 2423 ... 6a-1 ... 6b-1 ...
6 12 18 24 ... 48 54 ... 2418 2424 ... 6a ... 6b ...
7 13 19 25 ... 49 55 ... 2419 2425 ... 6a+1 ... 6b+1 ...
The rows in which there are simple and composite numbers will be called simple strings. Lines 1,
2, 3, 5 are compound, and lines 4 and 6 are simple. We estimate the number of prime numbers in the
interval of our matrix in rows with prime numbers. For this we take 4 and 6 lines.
Step 1. Using formula (1), we take a lower estimate for all prime numbers to 6b+ 1
ln 2 · 6b+ 1
ln(6b+ 1)
− 2
Next we take, by the upper estimate of (1), all prime numbers to 6a− 1
4 · ln 2 6a− 1
ln(6a− 1) + log2(6a− 1)
Thus, between the columns (a, b), where a ≥ 9 and (7a ≤ b) or in the interval of the natural series
(6a− 1, 6b+ 1) there are at least
ln 2 · 6b+ 1
ln(6b+ 1)
− 2− 4 · ln 2 · 6a− 1
ln(6a− 1) − log2(6a− 1)
prime numbers.
Therefore, in lines 4 and 6 between the columns (a, b), half of the estimated numbers are allocated
ln 2
2
· 6b+ 1
ln(6b+ 1)
− 1− 2 · ln 2 · 6a− 1
ln(6a− 1) −
log2(6a− 1)
2
(2)
Step 2. We split the columns in Table 1 with rounding into the whole part of the number by
intervals according to the formula ST0 = 1 and
STn = e
n! (3)
where n = 1..∞.
Figure 1: The interval of partitioning the columns in the matrix.
Using formula (3) for the table 1, we have the first interval [ST0;ST1] will be between 1 and 3
columns, the second interval (ST1;ST2] will be between 4 and 8 columns, the third (ST2;ST3] interval
will be between 9 and 403 columns, and the fourth (ST3;ST4] interval will be between 404 and
2
26489122129 columns. And in each interval the number of columns increases exponentially according
to the formula (3).
The next task is to find the primes in each interval for each simple row.
For the following simplification of the calculations, we prove the following lemma
Lemma 1. For any number i > 2, the following estimate of the number of primes in lines 4 and 6 in
the interval of formula (2)
ln 2
2
· 6 · STi + 1
ln(6 · STi + 1) − 1− 2 · ln 2 ·
6 · STi−1 − 1
ln(6 · STi−1 − 1) −
− log2(6 · STi−1 − 1)
2
>
STi
ln(STi)
− STi−1
ln(STi−1)
.
(4)
Proof For i = 3, 4, 5: formula (4) takes the form
3rd interval− [int(e2!) + 1; int(e3!)] :
88, 046 > 63, 543;
4th interval− [int(e3!) + 1; int(e4!)] :
2135665453, 57 > 1103713354, 83;
5nd interval− [int(e4!) + 1; int(e5!)] :
2, 22672E50 > 1, 08681E50.
That the inequality. Using (3) and (4) of the formula, we obtain the inequality:
ln 2
2
· 6 · e
i! + 1
ln(6 · ei! + 1) − 1− 2 · ln 2 ·
6 · e(i−1)! − 1
ln(6 · e(i−1)! − 1) −
log2(6 · e(i−1)! − 1)
2
>
>
ei!
ln(ei!)
− e
(i−1)!
ln(e(i−1)!)
;
(5)
ln 2
2
· 6 · e
i! + 1
ln(6 · ei! + 1) −
ei!
ln(ei!)
> 1 + 2 · ln 2 · 6 · e
(i−1)! − 1
ln(6 · e(i−1)! − 1) +
+
log2(6 · e(i−1)! − 1)
2
− e
(i−1)!
ln(e(i−1)!)
.
In the formula (5) we apply arithmetic operations, and we strengthen the inequality. The sequence
of calculations is shown below: for i > 5
ln 2
2
· 6 · e
i!
ln(6 · ei! + 1) ≥
ln 2
2
· 6 · e
i!
ln(6 · ei!) − 1;
ei!
ln(ei!)
< 1, 009 · e
i!
ln(6 · ei!) ;
ln 2 · e
(i−1)!
(i− 1)! >
(i− 1)!
2 · ln 2 ;
e(i−1)!
(i− 1)!i · i > 1;
ln 2
2
· 6 · e
i!
ln(6 · ei!) −
ei!
ln(ei!)
− 1 > 1 + 2 · ln 2 · 6 · e
(i−1)!
ln(6 · e(e−1)!) +
ln(6 · e(i−1)!)
2 · ln 2 ;
(
ln 2 · 6
2
− 1, 009
)
· e
i!
ln(6 · ei!) > 2 + ln 2 ·
6 · e(i−1)!
ln(6 · e(i−1)!) +
ln 6
2 · ln 2 +
ln(e(i−1)!)
2 · ln 2 ;
2 · e
i!
ln(6 · ei!) > 2 + ln 2 ·
6 · e(i−1)!
(i− 1)! +
ln 6
2 · ln 2 +
(i− 1)!
2 · ln 2 ;
3
2 · e
i!
ln(6 · ei!) > 3 + ln 2 ·
7 · e(i−1)!
(i− 1)! . (6)
Further, inequality (6) for i > 5 by induction starts to prove.
Assume for i = t, inequality (6) is true, that is, it has the form
2 · e
t!
ln(6 · et!) > 3 + ln 2 ·
7 · e(t−1)!
(t− 1)!
It is necessary to prove the inequality (6) for i = t+ 1. Substituting i = t+ 1 in formula (6) and
applying arithmetic operations, we obtain the following inequality
2 · (e
t!)t+1
ln(6 · e(t+1)!) > 2
[
et!
ln(6 · et!)
]t+1
> 3 + 7 · ln 2 · (e
(t−1)!)t
(t− 1)!t ;
et!
ln(6 · et!) >
3
2
+
7
2
· ln 2 · e
(t−1)!
(t− 1)! ;[
3
2
+
7
2
· ln 2 · e
(t−1)!
(t− 1)!
]t+1
>
(
3
2
)t+1
+
(
7
2
ln 2
)t+1
· e
(t−1)!·t+(t−1)!
(t− 1)!t+1 ;[
3
2
+
7
2
· ln 2 · e
(t−1)!
(t− 1)!
]t+1
>
(
3
2
)t+1
+
(
7
2
ln 2
)t+1
· e
(t−1)!·t
(t− 1)! · t ·
e(t−1)!
(t− 1)!t · t;(
3
2
)t+1
+
(
7
2
ln 2
)t+1
· e
(t−1)!·t
(t− 1)! · t ·
e(t−1)!
(t− 1)!t · t > 3 + 7 · ln 2 ·
et!
t!
.
Thus, according to the method of mathematical induction, inequality (6) is valid for any natural
number i > 2.
The lemma is proved.
3 Estimation of prime numbers of twins by the method of
mathematical statistics and probability theory
Using the elements of probability theory and combinatorics, the proof of the infinity of the numbers
of twins.
Thus, using Lemma 1 for the convenience of calculations, we will use an underestimated estimate
the number of primes in each interval for i > 2 for 4 and 6 lines
ei!
ln(ei!)
− e
(i−1)!
ln(e(i−1)!)
(7)
Taking any number from the interval (numbers are taken from 4 and 6 lines), and applying formulas
(2) and (4), we can calculate the probability that this number is prime or not according to the classical
probability formula [12].
P
(
number of prime numbers
number of columns in interval
)
=
ei!
ln(ei!)
− e(i−1)!
ln(e(i−1)!)
ei! − e(i−1)! .
(8)
Now calculate the probability of occurrence of the twin primes in each interval, using the definition
(1). This problem follows from the probability multiplication theorem [12] for the independent events
P (AB) = P (A) · P (B)
The solution of the problem: m1,m2 – the number of primes in simple intervals of the interval is
calculated from the formula (2). We can objectively assume that the number of primes in the interval
4
m1 ≈ m2, since in the future we will use the underestimated density of estimating primes by formula
(4) [13].
P
(m1
n
)
· P
(m2
n
)
=
 ei!ln(ei!) − e(i−1)!ln(e(i−1)!)
ei! − e(i−1)!
2 (9)
Using formula (9) and the number of columns in the interval, we can estimate the mathematical
expectation of the discrete distribution of the numbers of twins in each interval.
Mi(X) =
 ei!ln(ei!) − e(i−1)!ln(e(i−1)!)
ei! − e(i−1)!
2 · (ei! − e(i−1)!) =
(
ei!
ln(ei!)
− e(i−1)!
ln(e(i−1)!)
)2
ei! − e(i−1)!
(10)
where
(
ei!
ln(ei!)
− e(i−1)!
ln(e(i−1)!)
ei!−e(i−1)!
)2
probability of the appearance of a number of twins satisfying the definition
(1) in the interval (e(i−1)!, ei!], and (ei! − e(i−1)!) is the number of columns between the interval.
Thus, for each interval in Fig.1, we estimated the mathematical expectation of the appearance of
the twin primes.
The mathematical expectation of the number of identical positions.
The required number will be calculated for the case of coincidence of the positions of the supposed
pairs of primes in both rows. The case where the positions are relatively shifted by one is easily
reduced to the one considered. We will also consider only the positions on which, in principle, there
can be a prime number.
Let there be two lines of length n, for which m1 and m2 coordinates, respectively, with values of
one, the rest - with values of zero. Suppose that (m1 ∼ m2) and m1 +m2 << n, that is, units in the
sum is quite small. We calculate the number of cases in which the same exactly s positions of units in
both rows. Let m1 units of the first vector somehow located, and such different arrangements can be(
n
m1
)
. From these positions of s positions, one can choose
(
m1
s
)
in ways that must be combined with
any of
(
n−m1
m2−s
)
locations of the remaining units of the second row at the positions of zeros of the first.
Thus, the number of locations of units in both rows, provided that exactly s positions are the same,
is equal to T (s) =
(
n
m1
)(
m1
s
)(
n−m1
m2−s
)
. Then
s=m1∑
s=0
T (s) =
(
n
m1
) s=m1∑
s=0
(
m1
s
)(
n−m1
m2 − s
)
=
(
n
m1
)(
n
m2
)
The mathematical expectation of the number of identical positions under the condition of a random
arrangement of units in both rows is equal, by definition,
1(
n
m1
)(
n
m2
) s=m1∑
s=0
sT (s) =
1(
n
m2
) s=m1∑
s=0
s
(
m1
s
)(
n−m1
m2 − s
)
=
m1(
n
m2
) s=m1∑
s=0
(
m1 − 1
s− 1
)(
n−m1
m2 − s
)
=
m1m2
n
where
n = ei! − e(i−1)!, m1 ≈ m2 = e
i!
ln(ei!)
− e
(i−!)!
ln(e(i−!)!)
In formula (10), summing up all the mathematical expectations in each interval, we estimate the
series
n∑
i=3
Mi(X) =
n∑
i=3
(
ei!
ln(ei!)
− e(i−1)!
ln(e(i−1)!)
)2
ei! − e(i−1)! (11)
To analyze the convergence of the series, we apply the verification of d’Alembert to formula (11)
an
an−1
→? (12)
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The calculations of formula (12) are given below
an
an−1
=
(
en!
ln(en!)
− e(n−1)!
ln(e(n−1)!)
)2
en! − e(n−1)!
...
(
e(n−1)!
ln(e(n−1)!) − e
(n−2)!
ln(e(n−2)!)
)2
e(n−1)! − e(n−2)! =
=
[en! · (n− 1)!− e(n−1)! · n!]2
(n! · (n− 1)!)2 · (en! − e(n−1)!) ·
((n− 1)! · (n− 2)!)2 · (e(n−1)! − e(n−2)!)
[e(n−1)! · (n− 2)!− e(n−2)! · (n− 1)!]2 =
=
[en! − e(n−1)! · n]2
n2 · (en! − e(n−1)!) ·
(e(n−1)! − e(n−2)!)
[e(n−1)! − e(n−2)! · (n− 1)]2
(13)
In formula (13) expanding the brackets and canceling the numerator and denominator of e(2·n!+(n−1)!),
and putting n → ∞, we obtain ana(n−1) = ∞. This implies that the series (11) diverges. Thus, the
mathematical expectation from formula (11) shows that the number of twin primes tends to infinity.
4 Conclusion
In this paper, the Baibekov’s matrix notation is used for investigation of the prime twin numbers
distribution. Then in the paper we prove a number of lemmas and theorems with the help of which
and the Dirichlet and Euler theorems are proposed to prove the infinity of the number of prime twins.
It is obtained that the density of prime numbers in the process of transition to the region of large
natural numbers continuously in simple lines falls. In the first intervals, prime numbers often occur,
which are more closely aligned. As they move into the region of the following intervals, they are less
common. But in contrast to the number of columns in subsequent intervals in the exponential order
increases. Thus, the infinity of prime twin numbers is proved. We carried out a numerical experiment
on program C#, calculated the number of prime numbers for each particular interval.
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